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Abstract
Dirac’s oscillator (DO) is one of the most studied systems in the Relativistic Quantum Mechanics
and in the physical-mathematics. In particular, we show that this system has an unique property
which it has not ever seen in other known systems: According to its spatial dimensionality, DO
represent physical systems with very different electromagnetic nature. So far in the literature, it
has been proved using the covariant method the gauge invariance of the Dirac’s oscillator potential.
It has also shown that in (3+1)dimensions the DO represents a relativistic and electrically neutral
fermion with magnetic dipole momentum, into a dielectric medium with spherical symmetry and
under the effect of an electric field which depends of the radial distance. In this work,and using the
same methodology, we show that (2+1) dimensional DO represents a 1/2-spin relativistic fermion
under the effect of a uniform and perpendicular external magnetic field; whereas in (1+1) dimensions
DO reproduces a relativistic and electrically charged fermion interacting with a linear electric field.
Additionally, we prove that DO does not have chiral invariance, independent of its dimensionality,
due to the interaction potential which breaks explicitly the chiral symmetry U(1)R × U(1)L but it
preserves the global gauge symmetry U(1).
1 Introduction
Dirac’s oscillator (DO) was introduced by [1] as relativistic analogy of the Quantum Harmonic Oscillator.
The term related to the potential is a linear expression in its position, unlike that the non relativistic
case where this potential depends as r2, because Dirac’s equation is a linear expression both in its spatial
derivatives and temporal one (in the Schrödinger’s equation, temporal derivative is linear but it has a
Laplacian instead a gradient).
This physical system has been widely studied since it allows to study several aspects both the theoretical
and experimental physics. For instance in [2] it is used as an element to show that DO contains elements
which give a value to the Supersymmetry Quantum Mechanics because, in other aspects, the solution
of the system’s associated equation does not have a Supersymmetry’s breaking due to the topology of
the potential and the Supersymmetric Hamiltonian can be constructed in order to study the physical
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2system. Also, in the same reference, it is said that DO has applications in the QCD because they can
build Quarks’ confinement models since the interaction potential in both cases have a linear potential.
Also, the relation between the DO in (2+1) dimensions and the monolayer graphene has been studied
in [2] [4] [5] through the left-chirality due to the Spin-Orbit coupling which can be understood as an
internal magnetic field and it has a direct relation with the linear term of the DO since mω = eBI [4].
Dirac’s oscillator has been studied from the Jaynes-Cumming model [6], non-relativistic limit [7], its
exact solutions in polar coordinates in (2+1) dimensions [8], from the Relativistic Quantum Mechanics
[9], the canonical quantization in (1+1) and (3+1) dimensions [10], the magnetic condensate for the flat
Dirac’s oscillator [11].
By the other hand, several physical systems has been studied in multiples dimensions (1+1), (2+1) and
(3+1) 1. It has been seen that, for instance, superfluid behaviour changes between (1+1) and (2+1)
dimensions because in the first case there are not phase quantum fluctuations which allows the generation
of Bose-Einstein condensate; whereas in (2+1) dimensions it has been observed these variations that
allow that the condensate production is being possible [12]. In [13] is being studied the behaviour of
(2+1) dimensional gas which behaves as a bosonic gas at zero temperature in an anisotropic optical
net, it makes a transition to a (1+1) dimensional system through a external potential that has the form∑
α=x,y,z Vα cos
2 (kα). After it made this dimensional reduction, the physical system behaves as Mott’s
insulator after it reached a critical value.
In the case of [14] we initially see a phase transition from an insulator superfluid with magnons(SIT)into a
quantum ferromagnetic with spin interactions and then it behaves as superposition of singlet and triplet
states which obeys a powers law through the transversal direction of the spontaneous magnetization.
On the other hand, in [15] is studied optical solitons in (1+1) and (2+1) dimensions, they obtain that
the difference between both systems is in their integrability, since in (1+1) case it can be solved using
Fan expressions which contains solutions with sinusoidal and cosenoidal terms; whereas in (2+1) system,
it requires to use a semivariational principle and numerical methods. In the case of [16] and [17], they
solve Schrödinger equation in (2+1) and (3+1) dimensions in systems with strong correlations in bosons
and their relation with Mott’s isolator.
In this way, we observe that in systems such as they are described by [9] [12] [13] [14] [15] [16] [17]
[18], there are different behaviours in the physical system when their dimensionalities change. Dirac’s
oscillator in (1+1), (2+1) and (3+1) dimensions is a system that changes when its dimensions are
modified 2. At the same time, physical interpretation of Dirac’s oscillator in (3+1) dimensions has
been made by [9] as a particle without charge with an anomalous magnetic moment interacting with
a linear static electric field. They also calculate their energy spectra (eigenvalues) and wavefunctions
(eigenfunctions). One of their conclusions in this work is that spin-orbit coupling term only contributes
as a constant in the energy spectra of this system (in other words, its spectra is independent of the radial
coordinate r) and, also, in its non relativistic limit and for this coordinate we obtain the non-relativistic
harmonic oscillator in (3+1) dimensions.
On the other hand, chirality is a property that generally means: the structural characteristic of a finite
system (molecule, atom or particle) that makes it impossible to superimpose it on its mirror image
[19]. Chiral symmetry has been studied by [20] in order to do nonlinear realizations of chiral symmetry,
1With one spatial dimension and one temporal; with 2 spatial dimensions; and three spatial dimensions and one
temporal, respectively
2In this case, it corresponds to the Dirac’s equation in presence of a linear interaction term which is well known as
Dirac’s oscillator
3chiral symmetry breaking in [21] [22] [23], spontaneous chiral symmetry breaking [24] [25] [26] and
dynamical chiral symmetry breaking [27] [28] [29]. In this work, we shall demonstrate that (2+1) and
(1+1) dimensional Dirac’s oscillator preserves local gauge symmetry U(1) but not local chiral symmetry
U(1)R × U(1)L for a massless fermion.
The main goal of this paper is to interpret physically DO in (2+1) and (1+1) dimensions, relating this
system with well known electrodynamics systems and then we can notice that DO represents different
physical systems when its dimensionality is changed. In this way, this work have the following structure:
1. Physical interpretation of (2+1) dimensional DO, 2. Physical interpretation of (1+1) dimensional
DO, 3. Lagrangian density of the QED+DO in (2+1) dimensions in its symmetries U(1) y U(1)R×U(1)L
and, 4.Conclusions about these results.
2 Physical interpretation of (2+1) dimensional Dirac’s oscillator
In order to know the physical representation of the Dirac’s oscillator in (2+1) dimensions, let’s suppose
a particle with mass m which its moving in a circular orbit with radius R and with tangential velocity
v. We know that its centripetal acceleration is given by mv2
R
[30] and it always is directed to the center
of its orbit. On the other hand, it is also known that the force which is exerts by a magnetic field over
a charged particle is always perpendicular to the particle’s instantaneous velocity. Taking into account
the previous information, now we consider the preceding particle which posses a electric charge q and it
is moving in a perpendicular plane to a uniform magnetic field B. The magnetic force which acts over
the particle has the magnitude f = q v B towards the center of its orbit, i.e.
qvB =
mv2
R
. (1)
Thus we can say that the magnetic field has a magnitude given by
B =
mv
qR
. (2)
Taking into account that the angular frequency of a particle with circular uniform movement can be
written as ω = v/R then we can rewrite the expression (2) for the magnetic field as follows
B =
mω
q
. (3)
Using the relation (3) is possible to verify that the magnetic field which acts over the particle is uniform
since all the involved variables on it are parameters in this situation. Now, we consider a uniform
conducting plate interacting with a perpendicular magnetic field to it, i.e. [2] [30] [31]
~B = −Bzˆ, (4)
whereas the electric field in all the space is null, in other words
~E = 0. (5)
Now we suppose that the plane is big enough to neglect the edge effects. We will show that a Dirac’s
fermion interacting with the electromagnetic field produced by the plane lead us to the hamiltonian of
the (2+1) dimensional Dirac’s oscillator [4]. In the same way that in (3+1) dimensional case, we shall
show the Lorentz’s covariant properties of the potential which describes this situation.
4We study the fermion from the reference frame proper of the plate, which we call laboratory refer-
ence system. We can calculate the electric and magnetic fields using the associated 4-electromagnetic
potential, Aµ. A expression that could describe this situation is [11]
Aµ = ρ (0, y,−x) , (6)
where ρ is a constant. Remembering that the classic expressions for the scalar and vectorial potential
are given by [30]
~E = −~∇φ− ∂t ~A, (7)
~B = ~∇× ~A. (8)
Now, we shall to verify that 4-electromagnetic potential(6) lead us to the electric and magnetic fields
(4) and (5). For this purpose, we use the definitions(7) and (8) and starting off with (6), we have
~E = −~∇ (0)− ρ∂t (y,−x) =⇒ ~E = 0. (9)
~B = ~∇× ~A =⇒ ~B = ρ
∣∣∣∣∣∣
xˆ yˆ zˆ
∂x ∂y ∂z
y −x 0
∣∣∣∣∣∣ =⇒ ~B = −2ρzˆ ∴ 2ρ = B. (10)
We observe that the expressions (9) and (10) are the same that (4) and (5), and for that reason we can
conclude that the 4-electromagnetic potential given by (6) gives us the same physical conditions of the
physical situation studied and previously defined. Now, the expression(9) have to have a Lorentz covari-
ant form, so we use the gauge invariance of the electromagnetic fields to rewrite the 4-electromagnetic
potential (6) in terms of the gauge function which have the following form
Λ = −ρ
4
tx2 − ρ
4
ty2 − ρ
12
t3. (11)
Now we rewrite the potential in terms of the gauge function Λ as follows [9]
Aµ′lab = A
µ
lab − ∂µΛ
So, first at all we obtain the temporal component, replacing (6) and (11) in the latter expression making
µ = 0, i.e.,
A0′lab = A
0
lab − ∂0Λ,
= 0− ∂t
[
−ρ
4
tx2 − ρ
4
ty2 − 1
12
ρt3
]
,
A0′lab =
ρ
4
(
x2 + y2 + t2
)
. (12)
Whereas that the spatial components are given by
A1′lab = A
0
lab − ∂1Λ,
= ρy − ∂x
(
−ρ
4
tx2 − ρ
4
ty2 − 1
12
ρt3
)
,
5A1′lab = ρy +
1
2
ρtx. (13)
A2′lab = A
2
lab − ∂2Λ,
= −ρx− ∂y
(
−ρ
4
tx2 − ρ
4
ty2 − 1
12
ρt3
)
,
A2′lab = −ρx+
1
2
ρty. (14)
Taking into account the expressions (12), (13) and (14) then the new 4-electromagnetic potential is
Aµ′lab = ρ
[
−1
4
(
x2 + y2 + t2
)
, y +
1
2
tx,−x+ 1
2
ty
]
. (15)
Now, we check that the 4-potential (15) lead us to the same physical conditions for the electromagnetic
field that we defined in (4) and (5). For that reason, we calculate the electric and magnetic field produced
by (15)
~E ′ = −~∇φ′ − ∂t ~A′
=
ρ
4
~∇ (x2 + y2 + t2)− ρ∂t(y + 1
2
tx,−x+ 1
2
ty
)
=
ρ
4
(2x, 2y)− ρ
(x
2
,
y
2
)
,
~E ′ = 0 (16)
~B′ = ~∇× ~A′
= ρ
∣∣∣∣∣∣
xˆ yˆ zˆ
∂x ∂y ∂z
y + 1
2
tx −x+ 1
2
ty 0
∣∣∣∣∣∣
= ρ (−1− 1) zˆ
= −2ρzˆ
~B′ = −Bzˆ (17)
We can see that the expressions (16) and (17) are the same that (4) and (5), and for that reason we
can conclude that the 4-electromagnetic potential (15) represents the same physical situation that we
described initially. Now, we shall to do the coordinates transformation from the laboratory frame to
fermion’s frame by the introduction of the 4-velocity, Uµ =
(
1,~0
)
, and for this purpose we use the
definition [9]
Aµ′ =
ρ
4
[
2 (U · x)xµ − x2Uµ] . (18)
6Using the definitions
U · x = (1, 0, 0, 0) · (t, r, 0, 0) =⇒ U · x = t, (19)
x2 = xµxµ = (t, r, 0, 0) · (t,−r, 0, 0) =⇒ x2 = t2 − r2, (20)
and then the 4-electromagnetic potential can be rewritten as follows
Aµ′ =
ρ
4
[
2txµ − (t2 − x2 − y2)Uµ] . (21)
Whereas that the components of this 4-potential are
A0′ =
ρ
4
(
x2 + y2 + t2
)
; A1′ =
1
2
ρxt; A2′ =
1
2
ρty. (22)
The results given by (22) are the same that the expressions(12),(13) and (14). By the other hand, being
the 4-electromagnetic potential an explicit Lorentz covariant expression then the electromagnetic field
tensor produced by the plate can be written as [9]
Fµν = ρ (U
µxν − Uνxµ) . (23)
The non-null components of this tensor are
F01 = ρx; F10 = −ρx; F02 = ρy; F20 = −ρy. (24)
Now we shall study the Dirac fermion behaviour moving through the plate. For this goal, we take the
interaction term [32]
1
2
mωσµνFµν =
eB
2
σµνFµν . (25)
From the last expression, we can identify the term ω = eB/m which corresponds to Larmor’s frequency.
This implies that the (2+1) dimensions Dirac’s oscillator represents a charged particle moving in a
plate in presence of a perpendicular magnetic field to this particle. Using the result (25), we study the
lagrangian density of the system
7LDO = LF + LI
= ψ¯ (iγµ∂µ −m)ψ + eB
2
ψ¯βσµνFµνψ,
= ψ¯ (iγµ∂µ −m)ψ + eB
2
ψ¯β (2iαixi)ψ,
= ψ¯ (iγµ∂µ −m)ψ + eB
2
ψ¯ (2iαixi)ψ,
= ψ†γ0
(
iγ0∂0 + iγ
j∂j −m
)
ψ +
eB
2
ψ¯ (2iβαixi)ψ,
= ψ†
(
i∂t + iγ
0γj∂j − γ0m
)
ψ +
eB
2
ψ¯ (2iβαixi)ψ,
= ψ† (i∂t + iαj∂j − βm)ψ + eB
2
ψ¯ (2iβαixi)ψ,
= iψ†ψ˙ + iψ†αj∂jψ − ψ†βmψ + eB
2
ψ¯ (2iβαixi)ψ.
= iψ†ψ˙ + iψ†α1∂xψ + iψ†α2∂yψ − ψ†βmψ + ieB
m
ψ†βα1xψ + i
eB
m
ψ†βα2yψ
(26)
From the lagrangian density (26) we get the motion equations, using the Euler-Lagrange expresions for
the fields ψ and ψ†. For the case of the field ψ we have that
iψ˙† = mψ†β − imωψ†βα1x− imωψ†βα2y. (27)
whereas for the conjugated field ψ† it is obtained that its motion equation is
iψ˙ = [α1p1 + α2p2 +mβ − imωβα1x− imωβα2y]ψ. (28)
The expression (28) can be rewriten as follows
iψ˙ = [αj (pj − imωβxj) + βm]ψ (29)
The expressions (28) and (29) correpond to the Dirac equation in presence of a linear potential in (2+1)
dimensions (Dirac’s oscillator). On this way, we can conclude that (2+1) dimension Dirac’s oscillator
represents a particle with 1/2-spin and electrically charged moving inside of a plate interacting with an
external and uniform perpendicular magnetic field as we see in the expressions (2) and (3) and also in
[4].
3 Physical interpretation of (1+1) dimensional Dirac’s oscillator
To understand the physical meaning of Dirac’s oscillator in (1+1) dimensions, lets consider the case of
a particle with mass m and electric charge q in presence of a linear electric field E in direction to the
x-coordinate. The motion equation for this system is [30] [31]
qE = ma, (30)
where a is the acceleration of the particle due to its interaction with the electric field. Now, taking into
account that the particle moves with uniformly accelerated movement (U.A.M) then its acceleration can
be written as follows [33]
8x =
at2
2
−→ a = 2x
t2
. (31)
Replacing (31) in (30), we have
E =
m
q
(
2x
t2
)
. (32)
Also, taking into account that the velocity of a particle in an accelerated motion can be written as
v = at −→ t = v/a, (33)
where we have taken v0 = 0. In this way, substituting (33) in (32) then
E =
2m
q
a2
v2
x (34)
In order to make the connection between the presented situation in this section and the (1+1) dimension
Dirac’s oscillator physical interpretation, we write the electric field in this situation explicitly [10] [30]
[31]
~E = −ζxxˆ, (35)
where ζ is a paremeter which will be calculate later. Whereas the magnetic field is zero in all the space,
i.e.
~B = 0. (36)
In this case, we consider that the source of the electric field is in the infinite to neglect the edge effects.
In the charge’s outer reference frame, the 4-electromagnetic potential can be written as follows [11]
Aµ = ζ (0, tx) . (37)
In the same way that the (2+1) dimensional case, we shall study the electromagnetic fields produced
by this 4-potential
~E = −~∇φ− ∂t ~A,
= −~∇ (0)− ∂t (ζxt) ,
~E = −ζx. (38)
~B = ~∇× ~A
=
∣∣∣∣∣∣
xˆ yˆ zˆ
∂x ∂y ∂z
0 0 0
∣∣∣∣∣∣ .
~B = 0. (39)
9We see that (38) and (39) are equal than (35) and (36). The idea is to express these results in a covariant
form. For that reason, we take advantage to the fact that electromagnetic fields are gauge invariant
and, hence we choose the gauge function
Λ = −ζ
4
(
tx2 +
t3
3
)
. (40)
To get the new potential starting from the definition
Aµ′lab = A
µ
lab − ∂µΛ.
Now we determine the components both temporal and spatial of the electromagnetic field using the
expressions (37) and (40)
A0′lab = A
0
lab − ∂tΛ,
= 0 +
ζ
4
∂t
(
tx2 +
t3
3
)
,
A0′lab =
ζ
4
(
x2 + t2
)
.
(41)
A1′lab = A
1
lab − ∂xΛ,
= ζxt+
ζ
4
∂x
(
tx2 +
t3
3
)
,
A1′lab =
ζ
2
xt.
(42)
And in this way the 4-electromagnetic potential of the system is
Aµ′lab =
ζ
4
(
t2 + x2, 2tx
)
(43)
Now, lets to verify that (43) generate the same electric and magnetic fields that describes the physical
situation of this section
~E ′ = −~∇φ′ − ∂t ~A′,
= −ζ
4
~∇ (x2 + t2)− ζ
4
∂t (2tx) ,
= −ζ
4
(2x)− ζ
4
(2x)
~E ′ = −ζx.
(44)
10
~B′ = ~∇× ~A′,
=
∣∣∣∣∣∣
xˆ yˆ zˆ
∂x ∂y ∂z
0 0 0
∣∣∣∣∣∣ .
~B′ = 0.
(45)
We observed that (44) and (45) are the same results that we obtained using the 4-potential (37). Now,
we take the definition (18) to rewrite the electromagnetic potential in a Lorentz’s covariant form [9]
Aµ′ =
ζ
4
[
2 (U · x)xµ − x2Uµ] .
Using the definitions(19) and (20), then the 4-electromagnetic potential is rewritten as
Aµ′ =
ζ
4
[
2txµ − (t2 − x2)Uµ] . (46)
Whereas that the components of this 4-potential are
A0′ =
ζ
4
(
x2 + t2
)
; A1′ =
1
2
ζxt. (47)
In the same way that (2+1) dimensions, we observe that the definitions (46) and (47) are identical to the
expressions (41) and (42), and hence the definition (18) also reproduces the results of (1+1) dimensional
Dirac’s oscillator, which it also implies that this expressions describes the same physical situation that
we described at the beginning of this section. Taking into account the latter results, then we can use
the definition (23) for the electromagnetic field tensor [9]
Fµν = ζ (U
µxν − Uνxµ) .
whose non-null components are
F01 = ζx; F10 = −ζx. (48)
Now we shall to connect both situations that we have presented in this section. For that purpose, we
can compare (34) with F10 in (48) and we can easily conclude that
ζ =
2ma2
qv2
. (49)
Following the same structure than (2+1) dimensional interpretation of Dirac’s oscillator, we shall study
the quantum behaviour of the particle through of the interaction term (25) [32]
1
2
mωσµνFµν =
1
2
ζσµνFµν .
From the last expression we can conclude that mω = ζ and thus mω = 2ma2
qv2
or ω = 2a2
qv2
. Again, we
follow the same procedure that the case in (2+1) dimensions and we study the lagrangian density of
this system which has the following form
LDO = iψ†ψ˙ + iψ†α1∂xψ + ψ†βmψ + i1
2
ζψ†βα1xψ. (50)
11
Now, we use the Euler-Lagrange equations for the fields ψ and ψ†. For the case of the field ψ† we have
that
iψ˙† = −ψ†βm+ imωψ†βα1x− iψ†α1, (51)
whereas that for the conjugated field ψ† it is obtained
iψ˙ = [α1 (p1 − imωβx) + βm]ψ (52)
The expression (52) corresponds to the (1+1) dimensional Dirac’s oscillator. In this way, we can conclude
that the (1+1) dimensional Dirac’s oscillator represents a particle moving in a straight line in presence
of a linear electric field in the x-coordinate, where ζ = −2m
q
a2
v2
since that it can act in opposite direction
to the particle’s displacement. However if we want to see more clear the physical meaning of ζ in this
context, we can take F01 in (48) and then derivate it respect its spatial coordinate x and we have
ζ = −dE
dx
, (53)
and in this way we see clearly that the (1+1) dimensional Dirac’s oscillator represents physically a
charged particle moving into a linear electric field.
4 Lagrangian density of the QED+DO in (2+1) dimensions in
its symmetries U(1) y U(1)R × U(1)L
In this section, we present the lagrangian density of the Dirac’s oscillator in (2+1) dimensions. It is
showed that this system which is described by this lagrangian density posses local gauge symmetry
U(1), but not local chiral symmetry U(1)R×U(1)L. In the latter case, the Dirac’s oscillator is massless
because the associated interaction term related with the potential breaks explicitly local chiral symmetry
because this term mixes the chirality components. The same results can be obtained for the cases of
(3+1) and (1+1) dimensions.
4.1 Local gauge symmetry U(1)
It can be proved that interacting Dirac equation given by (27), for the case in which ψ(x) represents
a Dirac’s field, can be derived using the Euler-Lagrange equation of the antimatter field ψ¯(x), starting
from the lagrangian density of QED+OD defined by
LQED+DO = LD + LI + LYM + eBIψ¯(x)γ0γjrjψ(x), j = 1, 2, (54)
where LD is the free lagrangian density, LI is the lagrangian density of the interaction and LYM is the
Abelian Yang-Mills lagrangian density. The QED+DO lagrangian density, defined by (54), is invariant
under local gauge transformations of the group U(1) of the matter fields ψ(x), antimatter fields ψ¯(x)
and radiation fields Aµ(x) which have the following structure
ψ(x)→ ψ′(x) = exp [−iθ(x)]ψ(x), ψ¯(x)→ ψ¯′(x) = exp [iθ(x)] ψ¯(x), (55)
Aµ(x)→ A′µ(x) = Aµ −
1
e
∂µθ(x), (56)
here x = (y, z, t) represents a point in the space-time in (2+1) dimensions. In order to prove the
invariance of the lagrangian density (54), we write firstly the transformed QED+DO lagrangian density
as follows
12
L′QED+OD = L′D + L′I + L′YM + eBIψ¯′(x)γ0γjrjψ′(x), j = 1, 2, . (57)
After to replace the field of matter, antimatter and radiation given by (55) and (56) in (57), we have
L′QED+OD = LQED + eBIψ¯(x)γ0γjrjψ(x), j = 1, 2. (58)
The result (58) shows the invariance of the lagrangian density of QED+DO under local gauge trans-
formations U(1) of its fields and thus this result implies that this physical system presents local gauge
symmetry U(1).
4.2 Explict breaking of the local chiral symmetry U(1)R × U(1)L of the
QED+DO without mass term
In this section, we show that lagrangian density of the QED+DO, for the case of massless Dirac field,
does not present a local chiral symmetry U(1)R × U(1)L due to the associated interaction term to
the linear potential breaks explicitly the local chiral symmetry since that this term mixes the chirality
components.
The lagrangian density of the QED+DO in the case of a Dirac’s field without mass is given by
LQED+DOo = Lo + LI + LYM + eBIψ¯(x)γ0γjrjψ(x), j = 1, 2, (59)
where Lo represents the free lagrangian density of the massless fermionic field, whereas LI and LYM
correspond, again, to the interaction lagrangian density and Yang-Mills lagrangian density, respectively.
Writing ψ(x) = ψR(x) + ψL(x), then the expression (59) can be written as
LQED+DOo = ψ¯R(x)iγµ∂µψR(x) + ψ¯L(x)iγµ∂µψL(x)− eψ¯R(x)γµAµψR(x)− eψ¯L(x)γµAµψL(x)
+eBIψ¯R(x)γ
0γjrjψL(x) + eBIψ¯L(x)γ
0γjrjψR(x), (60)
in the last expression we take into account that the terms ψ¯R(x)γµ∂µψL(x), ψ¯L(x)γµ∂µψR(x),
ψ¯R(x)γ
0γjψR(x) and ψ¯L(x)γ0γjψL(x) vanish because PRPL = PLPR = 0. Next, it is proved that
the lagrangian density (60) does not present the local chiral symmetry U(1)R×U(1)L, because it is not
invariant under local phase transformations of the chirality projections of the matter, antimatter and
radiation fields which have the following form
ψL(x)→ ψ′L(x) = exp [−iθL(x)]ψL(x); ψR(x)→ ψ′R(x) = exp [−iθR(x)]ψR(x), (61)
ψ¯L(x)→ ψ¯′L(x) = exp [iθL(x)] ψ¯L(x); ψ¯R(x)→ ψ¯′R(x) = exp [iθR(x)] ψ¯R(x), (62)
Aµ(x)→ ALµ ′(x) = Aµ(x)−
1
e
∂µθL(x); Aµ(x)→ ARµ ′(x) = Aµ(x)−
1
e
∂µθR(x), (63)
where θR(x) and θL(x) are different gauge functions associated to the symmetry groups U(1)R and
U(1)L. To prove that this lagrangian does not have invariance, we firstly write a transformed lagrangian
density of QED+DO for the massless Dirac’s oscillator as follows
L′QED+DOo = L′o + L′I + L′YM + eBIψ¯′R(x)γ0γjrjψ′L(x) + eBIψ¯′L(x)γ0γjrjψ′R(x). (64)
After to replace the transformed fields given by (61), (62) and (63) in (64), we have that
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L′QED+DOo = Lo + LI + LYM + eBI
(
exp [iθR(x)− iθL(x)] ψ¯R(x)γ0γjrjψL(x)
)
+ eBI
(
exp [iθL(x)− iθR(x)] ψ¯L(x)γ0γjrjψR(x)
) 6= LQED+ODo, (65)
due to θR(x) 6= θL(x), we have that θR(x) − θL(x) 6= 0 and θL(x) − θR(x) 6= 0. For those reasons, we
have shown that massless Dirac’s oscillator interacting with an external and uniform magnetic field does
not have local chiral symmetry U(1)R × U(1)L, because of the associated interaction term to the linear
potential breaks explicitly this local chiral symmetry.
5 Conclusions
We have seen that (2+1) dimensional Dirac’s oscillator physically corresponds to a particle with 1/2-spin
and electrically charged moving inside of a plate interacting with an external and uniform perpendic-
ular magnetic field whereas the (1+1) dimensional Dirac’s oscillator, represents an electrically charged
particle moving into a linear electric field (respect its space coordinate). This means that when the
dimensionality of the Dirac’s oscillator changes, the physical system changes completely. This is an
unusual result because there are few physical systems which change totally when its spatial dimen-
sion changes and for this reason, Dirac’s oscillator is more interesting to study either theoretically and
experimentally and even from computational physics.
It is also observed that independently of its dimensionality, (2+1) or (1+1), Dirac’s oscillator preserves
local gauge symmetry U(1) but the chiral symmetry U(1)R×U(1)L is not preserved in both cases. This
means that despite that (2+1) and (1+1) dimensional Dirac’s oscillator represents different physical
systems, both have the same symmetries preserved and broken. These results can be explained because
the form of the lagrangian (and therefore of the motion equations for the fields ψ and ψ†) for (1+1) and
(2+1) dimensional Dirac’s Oscillator are similar.
Finally, we can see that (2+1) and (1+1) dimensional Dirac’s oscillator represents electrodynamical
systems, and the same happen with (3+1) dimensional case [2] which represents to a particle without
charge moving with anomalous magnetic moment inside of a dielectric sphere interacting with an external
electric field which depends with its radial distance [2]. Both results are similar because the method to
study them is not too different that the authors applied in (3+1) case because their lagrangian densities
are very similar mathematically.
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